Abstract. This is a survey of compactification extension results and problems for a special class of proximities.
(2) B is a ring of sets (i.e. B is closed under finite unions and finite intersections). Then B is a normal base for the closed sets.
N. b. since x has at least two points, ∅ ∈ B.
Definition 2. The Wallman-Frink proximity δ b associated with normal base B is given by: A δ b B ≡ ∃F 1 , F 2 ∈ B with A ⊆ F 1 , B ⊆ F 2 and F 1 ∩ F 2 = ∅.
Hence Aδ b B ⇐⇒ ∀F 1 , F 2 ∈ B, A ⊆ F 1 and B ⊆ F 2 ⇒ F 1 ∩ F 2 = ∅. 
Corollary 4. δ b is Efremovič
A b-filter is a filterbase F of sets from B such that whenever B ∈ F and B ⊆ F ∈ B, then F ∈ F. A b-ultrafilter is a maximal b-filter. By Zorn's Lemma, every b-filter is contained in at least one b-ultrafilter. N.b., for any ultrafilter µ on X, µ ∩ B is a b-filter.
Definition 5. An ultrafilter µ on X is an ultrafilter of type b if µ ∩ B is a b-ultrafilter.
Lemma 6. For any normal base B on T 1 -space X and each x ∈ X, the point ultrafilter µ x = {A : x ∈ A} is an ultrafilter of type b.
Proof. We need only check that the b-filter µ x ∩ B is a maximal among the b-filters. Suppose ϕ is a b-filter with µ x ∩ B ⊆ ϕ. Then each F ∈ ϕ ⊆ B, F ∩B = ∅ for all B ∈ µ x ∩B. Since B is a network, we see that x ∈ cl(F ) = F for each F ∈ ϕ. Hence µ x ∩ B = ϕ. Proof. µ is a filterbase of sets, so it is contained an ultrafilter α. Thus µ ⊆ α ∩ B. Since µ is maximal, µ = α ∩ B.
Lemma 8. Let δ be any compatible Lodato proximity with δ b ≤ δ. For every ultrafilter µ on X, there is an ultrafilter α of type b such that µδα.
Proof. Since µ ∩ B is a b-filter, we must have µ ∩ B ⊆ ϕ for some b-ultrafilter ϕ. By the last lemma, there is an ultrafilter α of type b with ϕ = α ∩ B. Suppose µ δα. Then µ δ b α, so we must have an M ∈ µ, and A ∈ α and some
we have F 1 and F 2 ⊆ α, contradiction to filter. Definition 10. Let γ be any filterbase on proximity space (X, δ) and set Π δ (γ) = {υ : υ is an ultrafilter and υδγ}.
Definition 11.
a) A grill γ on a proximity space (X, δ) is a precluster if whenever A ⊆ X and {A}δγ, then A ∈ γ. b) A pre-cluster σ on (X, δ) is a cluster if it is a clan.
Example 12. Let α be any filterbase on proximity space (X, δ). Then Π(ϕ) is a pre-cluster.
Proof. By Example 12, Π(α) is a pre-cluster and by lemma 9, Π(α) is a clan.
Theorem 14. The subspace T b X of the Gagrat-Naimpally completion α δ b X given by the set of all maximal clans is a T 1 compactification on X.
Proof. By Theorem 11,
α is an ultrafilter of type b} is a subset of α δ X, the set of all maximal clans on X. Hence T b X is a T 1 space, which by Lemma 6 contains a dense copy of X. It remains to show that T b X is compact.
For each F ∈ B, let
These will be the basic closed sets of the topology of T b X. Let L = {F ′ j : j ∈ Γ} be a family of basic closed sets with the finite intersection property. Let
Then F ′ is a filterbase of sets from B since B is a ring, and F ⊆ F ′ . By Zorn's Lemma, F ′ is contained in some b-ultrafilter, which by Lemma 7 we may write as α ∩ B of some ultrafilter α of type b. But then F ⊆ Π(α), so for each j ∈ Γ, Π(α)
a) Let bX be the set of all b-ultrafilters on X. b) For each B ∈ B, let B ′ = {ϕ ∈ bX : B ∈ ϕ}. This is a base for closed sets for a topology on bX. Call it the "absorption" topology for B. c) Under the absorption topology, bX is compact and T 1 . d) τ : X → bX by t(x) = µ x ∩ B is a homeomorphism from X onto a dense subset of bX.
Theorem 15. There is a homeomorphism between the T 1 compactification T b X of (X, δ b ) and the Wallman-Frink compactification bX, which fixes X point-wise.
Proof. Let f be the bijection assigning maximal b-clan σ = Π(α) to the b-ultrafilter σ ∩ B. Set B ∈ B gives us both basic closed set B * = {σ ∈ T b X : B ∈ σ} and B ′ = {ϕ ∈ bX : B ∈ ϕ}.
But clearly B ∈ ϕ if and only if Bδα for every ultrafilter α of type b for which ϕ = α∩B, and F ∈ α if and only if F ∈ σ α for σ α = {µ : ultrafilter µδ b α}. Hence f is one-to-one between basic closed sets of bX and T b X, and is therefore a homeomorphism. That f is 1 − 1 on X follows from Lemma 6.
Problem. This identifies the Wallman compactification of a T 1 space with a subspace of the Gagrat-Naimpally compactification of (X, δ w ). Conceivably this is possible, yet it does not rule out the equality of the two extensions. This would amount to showing the reverse of Theorem 11, that every maximal clan is of form Π(α) for some ultrafilter α of type b.
Specifically, let σ be any maximal clan on (X, δ b ) and consider σ ∩ B = {µ ∩ B : ultrafilter µ ⊆ σ}.
Let F ∈ σ∩B and F ⊆ B ∈ B. Then there is some ultrafilter µ ⊆ σ such that F ∈ µ. Therefore B ∈ µ, so B ∈ σ ∩ B. Now let F 1 and F 2 ∈ σ ∩ B. Then
Then σ ∩B is a b-filter, so there is an ultra-filter α of type b such that σ ∩ B ⊆ α ∩ B. Hence for every µ ⊆ σ, µδ b α, so σ ⊆ Π(α). By the maximality of σ, σ = Π(α). Thus
Now suppose X to be a T Proof. First, Γ β is a d-clan. Let S and T be sets in Γ β . By definition of Γ β , we can find ultrafilters α 1 and α 2 so that
Since α 1 and α 2 are ultrafilters, we must have
Then there must an A ∈ Π and some G ∈ β for which A δ d G. But Aδ d B for all B ∈ Γ β , and, because In particular, there is some
